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Brief Recap: DCM infers Effective Connectivity	

•  Functional Connectivity -  	
statistical dependency among measurements 
(typically time series correlations)	

Pamela	K.	Douglas	,	UCLA	
2016	NITP	Summer	Course	
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•  Effective Connectivity –	
influence of one neural system on another, 
or simplest possible circuit diagram that 
would explain dynamic couplings between 
measurements (Friston 2011)	

	
Bayesian Model 
Selection	



•  This analogy may be useful for some people..	
•  Although the notation is slightly different, many of the key concepts are 

similar to that of DCM	
•  Key elements of state space - equation of states (x(t), an output equation 

y(t), and an observation equation z(t)	

	
"   DCM – Similar to State Space Methods	

PK Douglas 2016, University of California, Los Angeles	
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questions that are addressed. We have touched upon the role
of structural connectivity in providing constraints on the ex-
pression of effective connectivity or coupling among neuro-
nal systems. In the next section, we look at the relationship
between functional and effective connectivity and how the
former depends upon the latter.

Analyzing Connectivity

This section looks more formally at functional and effective
connectivity, starting with a generic (state-space) model of the
neuronal systems that we are trying to characterize. This nec-
essarily entails a generative model and, implicitly, frames the
problem in terms of effective connectivity. We will look at
ways of identifying the parameters of these models and com-
paring different models statistically. In particular, we will con-
sider successive approximations that lead to simpler models
and procedures commonly employed to analyze connectivity.
In doing this, we will hopefully see the relationships among the
different analyses and the assumptions on which they rest. To
make this section as clear as possible, it will use a toy example
to quantify the implications of various assumptions. This ex-
ample uses a plausible connectivity architecture and shows
how changes in coupling, under different experimental condi-
tions or cohorts, would be manifest as changes in effective or
functional connectivity. This section concludes with a heuristic

discussion of how to compare connectivity between conditions
or groups. The material here is a bit technical but uses a tutorial
style that tries to suppress unnecessary mathematical details
(with a slight loss of rigor and generality).

A generative model of coupled neuronal systems

We start with a generic description of distributed neuronal
and other physiological dynamics, in terms of differential
equations. These equations describe the motion or flow,
f(x, u, h), of hidden neuronal and physiological states, x(t),
such as synaptic activity and blood volume. These states
are hidden because they are not observed directly. This
means we also have to specify mapping, g(x, u, h), from
hidden states to observed responses, y(t):

_x¼ f (x, u, h)þx

y¼ g(x, u, h)þ v
(1)

Here, u(t) corresponds to exogenous inputs that might en-
code changes in experimental conditions or the context under
which the responses were observed. Random fluctuations
x(t) and v(t) on the motion of hidden states and observa-
tions render Equation (1) a random or stochastic differential
equation. One might wonder why we need both exogenous
(deterministic) and endogenous (random) inputs; whereas
the exogenous inputs are generally known and under experi-

FIG. 2. Structural con-
straints on functional connec-
tions. This schematic
illustrates the procedure
reported in Stephan et al.
(2009), providing evidence
that anatomical tractography
measures provide informa-
tive constraints on models
and effective connectivity.
Consider the problem of esti-
mating the effective connec-
tivity among some regions,
given quantitative (if proba-
bilistic) estimates of their an-
atomical connection strengths
(demoted by uij). This is il-
lustrated in the lower left
panel using bilateral areas in
the lingual and fusiform gyri.
The first step would be to
specify some mapping be-
tween the anatomical infor-
mation and prior beliefs
about the effective connec-
tions. This mapping is illus-
trated in the upper left panel,
by expressing the prior vari-
ance on effective connectivity
(model parameters h) as a
sigmoid function of anatomi-
cal connectivity, with un-

known hyperparameters a b # m, where m denotes a model. We can now optimize the model in terms of its hyperparameters
and select the model with the highest evidence p(yjm), as illustrated by model scoring on the upper right. When this was done
using empirical data, tractography priors were found to have a sensible and quantitatively important role. The inset on the
lower right shows the optimum relationship between tractography estimates and prior variance constraints on effective
connectivity. The four asterisks correspond to the four tractography measures shown on the lower left [see Stephan et al. (2009)
for further detail].
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Classic State Space 
Equations	

DCM can be formulated in a 
similar way	

Equation of (Hidden) 
Neuronal States	

Observed Responses	



•  Suppose we have a single region or “compartment” with a single 
input and a “leak”.  This amounts to integrating a first-order linear 
differential equation.	

	
"   Single Compartment Example	

PK Douglas 2016, University of California, Los Angeles	

Z(t)	

a		
(rate	constant)	

u(t)		
(input)	

•  In a very simple example, if one were measuring mass, then the measurement 
model (y(t)) might simply equal to z itself.	

•  For example, modeling Mn2+ transport throughout brain (PK Douglas et. al. 2011)	
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and posterior covariance C✓|y for the parameters as well as hyperparameters for the covariance of
the observation noise, Ce.

After fitting the model to measured BOLD data, the posterior distributions of the parameters
can be used to test hypotheses about the size and nature of effects at the neural level. Although
inferences could be made about any of the parameters in the model, hypothesis testing usually
concerns context-dependent changes in coupling (i.e. specific parameters from the B matrices;
see Fig. 35.5). As will be demonstrated below, at the single-subject level, these inferences concern
the question of how certain one can be that a particular parameter or, more generally, a contrast
of parameters, cT ⌘✓|y, exceeds a particular threshold � (e.g. zero).

Under the assumptions of the Laplace approximation, this is easy to test (�N denotes the
cumulative normal distribution):

p(cT ⌘✓|y > �) = �N

 
cT ⌘✓|y � �

cTC✓|yc

!
(35.6)

For example, for the special case cT ⌘✓|y = � the probability is p(cT ⌘✓|y > �) = 0.5, i.e. it is equally
likely that the parameter is smaller or larger than the chosen threshold �. We conclude this section
on the theoretical foundations of DCM by noting that the parameters can be understood as rate
constants (units: 1/s = Hz) of neural population responses that have an exponential nature. This
is easily understood if one considers that the solution to a linear ordinary differential equation of
the form ż = Az is an exponential function (see Fig. 35.3).

Figure 35.3: A short mathematical demonstration, using a simple linear first-order differential
equation as an example, explaining why the coupling parameters in a DCM are inversely propor-
tional to the half-life of the modelled neural responses and are therefore in units of 1/s = Hertz.

35.2 Bayesian model selection
A generic problem encountered by any kind of modeling approach is the question of model se-
lection: given some observed data, which of several alternative models is the optimal one? This
problem is not trivial because the decision cannot be made solely by comparing the relative fit of
the competing models. One also needs to take into account the relative complexity of the models
as expressed, for example, by the number of free parameters in each model.

Model complexity is important to consider because there is a trade-off between model fit and
generalizability (i.e. how well the model explains different data sets that were all generated from
the same underlying process). As the number of free parameters is increased, model fit increases
monotonically whereas beyond a certain point model generalizability decreases. The reason for



•  Not all hypotheses are suitable for DCM testing.	
	
•  Model comparisons are only valid if the data, y, are identical in all 

models	

•  In DCM for fMRI, direct comparison can only be made between 
models that contain the same # of areas (dimensions of the A 
matrix are typically equal)	

•  In DCM for EEG, however, the data measured at the sensor 
level are independent of how many neuronal sources are 
assumed in a given model. 	
–  Model selection can therefore be used to determine which sources 

should be included in the model	

	
"   Other Notes:	

PK Douglas 2016, University of California, Los Angeles	



•  Create series of candidate model hypotheses	

•  Perform Model Inversion 	
–  Variational bayes	

•  Select Model with Highest Evidence	
–  Bayesian Model Selection	

	
"   General Framework	

PK Douglas 2015, University of California, Los Angeles	
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•  Overall Concept is the same… but	
	
….. the Measurement or Observation Model Must be different	

	
"   DCM for EEG	

PK Douglas 2015, University of California, Los Angeles	
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Figure 35.1: A schematic overview of the differences between between the DCM implementations
for fMRI and ERPs (as measured by EEG or MEG). Whereas the state equation of DCM for
fMRI is bilinear and uses only a single state variable per region, that for ERPs is more complex
and requires 8 state variables per region. Moreover, DCM for ERPs models the delays of activity
propagation between areas. At the level of the observation model, DCM for fMRI is more complex
than DCM for ERPs. While the former uses a non-linear model of the hemodynamic response
that contains a cascade of differential equations with five state variables per region, the latter uses
a simple linear model for predicting observed scalp data.

The parameters of this bilinear neural state equation, ✓n = {A,B1, ..., Bm, C}, can be expressed
as partial derivatives of F :

A =
@F

@z
=

@ż

@z
(35.3)

Bj =
@2F

@z@uj
=

@

@uj

@ż

@z

C =
@F

@u

These parameter matrices describe the nature of the three causal components which underlie the
modeled neural dynamics: (i) context-independent effective connectivity among brain regions,
mediated by anatomical connections (k⇥k matrix A), (ii) context-dependent changes in effective
connectivity induced by the jth input uj (k ⇥ k matrices B1, ..., Bm), and (iii) direct inputs
into the system that drive regional activity (k ⇥m matrix C). As will be demonstrated below,
the posterior distributions of these parameters can inform us about the impact that different
mechanisms have on determining the dynamics of the model. Notably, the distinction between
“driving” and “modulatory” is neurobiologically relevant: driving inputs exert their effects through
direct synaptic responses in the target area, whereas modulatory inputs change synaptic responses
in the target area in response to inputs from another area. This distinction represents an analogy,
at the level of large neural populations, to the concept of driving and modulatory afferents in
studies of single neurons.

DCM combines this model of neural dynamics with a biophysically plausible and experimen-
tally validated hemodynamic model that describes the transformation of neuronal activity into
a BOLD response. This so-called “Balloon model” was initially formulated by Buxton and col-
leagues and later extended by [36]. Briefly summarized, it consists of a set of differential equations
that describe the relations between four hemodynamic state variables, using five parameters (✓h).
More specifically, changes in neural activity elicit a vasodilatory signal that leads to increases in
blood flow and subsequently to changes in blood volume v and deoxyhemoglobin content q. The
predicted BOLD signal y is a non-linear function of blood volume and deoxyhemoglobine content.



Observation mappings�
the electromagnetic forward model	

( ) ( ) ( )( ) ( ) ( )
0

i i ij
j

i j
t t tβ µ ε= +∑ ∑y L w ( ) ( )0, yt N Qε :



Initial Considerations:  
 
Will I be modelling evoked or steady state potentials? 
 
Time domain or frequency domain (cross spectral densities) ? 
 
Which neural mass model should I choose?  
 
 
Model Hypothesis Considerations:  
 
Is my effect driven by extrinsic or intrinsic connections? 
 
Which neural populations are affected by contextual factors? 
 
Which connections determine observed frequency coupling? 
 
How changing a connection/parameter would influence data? 
 
 
 
 
 

input 

context 

Considerations in DCM for EEG	



Collect	data	

Build	model(s)	

Fit	your	model	
parameters	to	

the	data	

Pick	the	best	
model	

Make	an	
inference	

(conclusion)	

The DCM analysis pathway	

‘Hardwired’ 
model features 

Slide from Ryszard Auksztulewicz & SPM Course 2016 
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Neural Mass Models		
 
Jansen and Rit (1995) 

 
Convolution based 

DCMs	for	MEG/EEG	can	use	neural	mass	models	(David	and	Friston,	2003)	to	
explain	source	acSvity	in	terms	of	the	ensemble	dynamics	of	interacSng	inhibitory	
and	excitatory	subpopulaSons	of	neurons,	based	on	Jansen	and	Rit	(1995).	
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-  The	underlying	generaSve	model	can	be	a	neural	mass	or	a	neural	field	model.		
-  Here,	each	corScal	source	is	modeled	as	a	point	source	comprising	coupled	

subpopulaSons	assigned	to	a	specific	corScal	layers	



Bastos	et	al.	(2012) 														Pinotsis	et	al.	(2012)	

Canonical Microcircuit Model (‘CMC’) 		
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Intrinsic	connecSons	

Canonical Microcircuit Model (‘CMC’) 		
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U	–Exogenous	Input	

Canonical Microcircuit Model (‘CMC’) 		
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Canonical Microcircuit Model (‘CMC’) 		
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S	–Sigmoid	operator	



Moran	et	al.	(2013)	



Specifying CMC Models in SPM	
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Slide from Ryszard Auksztulewicz & SPM Course 2016 
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Garrido et al., 2008 

Example Architecture: Mismatched Negativity	



Data for DCM for ERPs / ERFs	
1.  Downsample	
2.  Filter (e.g. 1-40Hz)	
3.  Epoch	
4.  Remove artefacts	
5.  Average	

•  Per subject	
•  Grand average	

6.  Plausible sources	
•  Literature / a priori	
•  Dipole fitting / 3D source 

reconstruction	
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Fitting DCMs to data	

Invert	DCM	



Fitting DCMs to data	

1.  Check your data	
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Fitting DCMs to data	

1.  Check your data	

2.  Check your sources	
	

H. Brown 



1.  Check your data	

2.  Check your sources	

3.  Check your model	
	

Model 1 

V4	

IPL	A19	

OFC	

V4	

IPL	A19	

OFC	

V4	

IPL	

Model 2 

V4	

IPL	

H. Brown 

Fitting DCMs to data	



Fitting DCMs to data	

1.  Check your data	

2.  Check your sources	

3.  Check your model	

4.  Re-run model fitting (if necessary)	
	

H. Brown 



Model Inversion in the Spectral Domain	

State Equations:	
	
	
	
	
	
Take Laplace Transform	
	
	
	
	
	
	
Model inversion tries to optimize parameters that yield 
the best estimates of cross spectral densities	

!x = f (x,u) y = g(x,u)

!x = Ax(t)+ bu(t)
y =Cx(t)+ξ

sX(s) = AX(s)+ bU(s)
(sI − A)X(s) = bU(s)
X(s) = (sI − A)−1bU(s)
Y (s) = cT (sI − A)−1bU(s)+ξ



Bayesian Belief Updating	

are not physiological events and as such may affect the dynamics by
more deleterious effects such as energy or oxygen depletion (Sengupta
and Stemmler, 2014). All of the changes in synaptic connectivity
described above could affect the way the slow parameters change and
are candidates for a forward model.

The accuracy of the Bayesian belief updating scheme proved in gen-
eral to be robust – giving similar results to standard DCM schemes – but
also correctly inferring variations in parameters in simulated data. In-
spection of the results from both inversion schemes led to similar con-
clusions but the quantitative descriptions were slightly different. This

indicates that some predictions may only confer qualitative and not
quantitative information. The updating scheme only considers data
sampled prior to the estimation of the current parameter (technically,
a filtering scheme), which is a less constrained inverse problem than
conditioning the parameters on all the data (a smoothing scheme),
which is also a feature of the standard DCM inversion scheme. However,
the similarity between the inversions using the two schemes presented
in this note indicates that convergence and local minima problems
might not be much greater for the updating scheme, relative to the
standard scheme. Moreover, combining these schemes (belief updating

Fig. 4. Panels to the left (A, B, C, D) show results from EEG data set 1. Panels to the right show results from EEG data set 2 (E, F, G, H). Top row (A, E) shows observed data. Second row
(B, F) shows the predicted activity after model inversion. Third row (C, G) shows the inferred changes in intrinsic connectivity where red is used for inferences from the updating scheme
and blue reports the corresponding changes estimated using the standard scheme. The (~95%) confidence interval of estimated parameters (±2 standard deviations) is indicated by the
grey area encompassing the posterior expectation (red curves). The bottom row (D, H) shows the inferred spectral input to the modelled cortical region using the updating scheme.

1149G.K. Cooray et al. / NeuroImage 125 (2015) 1142–1154

Numerically burdensome to estimate parameters over entire time 
window.  Therefore use posteriors from previous window as priors in 
next time step window.	

Cooray et al. 2015	



•  Candidate generative models of the data, where each model corresponds 
to a specific hypothesis about the functional brain architecture	

•  Bayes rule:	
	
•  DCM uses the Laplace approximation, and automatically penalizes for 

model complexity.	

	
•  Model inversion approximates the model evidence with a quantity called 

free energy: See (Friston, Mattout et al. 2007). 	

	
"   Bayesian Model Selection	

PK Douglas 2015, University of California, Los Angeles	

35.3. PRACTICAL EXAMPLE 313

this is “overfitting”: an increasingly complex model will, at some point, start to fit noise that
is specific to one data set and thus become less generalizable across multiple realizations of the
same underlying generative process.

Therefore, the question “What is the optimal model?” can be reformulated more precisely as
“What is the model that represents the best balance between fit and complexity?”. In a Bayesian
context, the latter question can be addressed by comparing the evidence, p(y|m), of different
models. According to Bayes theorem

p(✓|y,m) =
p(y|✓,m)p(✓|m)

p(y|m)
(35.7)

the model evidence can be considered as a normalization constant for the product of the likelihood
of the data and the prior probability of the parameters, therefore

p(y|m) =

Z
p(✓|y,m)p(✓|m)d✓ (35.8)

Here, the number of free parameters (as well as the functional form) are considered by the
integration. Unfortunately, this integral cannot usually be solved analytically, therefore an ap-
proximation to the model evidence is needed. One such approximation used by DCM, and many
other models in SPM, is to make use of the Laplace approximation 1.

As shown in [81], this yields the following expression for the natural logarithm (ln) of the model
evidence ( ⌘✓|y denotes the posterior mean, C✓|y is the posterior covariance of the parameters, Ce

is the error covariance, ✓p is the prior mean of the parameters, and Cp is the prior covariance):

lnp(y|m) = accuracy(m)� complexity(m) (35.9)
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This expression properly reflects the requirement, as discussed above, that the optimal model
should represent the best compromise between model fit (accuracy) and model complexity. The
complexity term depends on the prior density, for example, the prior covariance of the intrinsic
connections.

Two models can then be compared using the Bayes factor:

BFij =
p(y|mi)

p(y|mj)
(35.10)

Given uniform priors over models, the posterior probability for model i is greater 0.95 if BFij is
greater than twenty.

This results in a robust procedure for deciding between competing hypotheses represented by
different DCMs. These hypotheses can concern any part of the structure of the modeled system,
e.g. the pattern of endogenous connections (A-matrix) or which inputs affect the system and
where they enter (C-matrix). Note, however, that this comparison is only valid if the data y are
identical in all models. This means that in DCM for fMRI, where the data vector results from
a concatenation of the time series of all areas in the model, only models can be compared that
contain the same areas. Therefore, model selection cannot be used to address whether or not to
include a particular area in the model. In contrast, in DCM for ERPs, the data measured at the
sensor level are independent of how many neuronal sources are assumed in a given model. Here,
model selection could also be used to decide which sources should be included.

35.3 Practical example
The following example refers to the “attention to visual motion” data set available from the SPM
web site2. This data set was obtained by Christian Buchel and is described in [13].

1This should perhaps more correctly be referred to as a fixed-form variational approximation, where the fixed
form is chosen to be a Gaussian. The model evidence is approximated by the negative free energy, F .

2Attention to visual motion dataset: http://www.fil.ion.ucl.ac.uk/spm/data/attention/
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